多重連結領域上のH-systemの多重解の存在について (偏微分方程式の解の適切性と正則性に関する研究) by 高橋, 太
Title多重連結領域上のH-systemの多重解の存在について (偏微分方程式の解の適切性と正則性に関する研究)
Author(s)高橋, 太









(Faculty of Science, Tokyo Institute of Technology)
$\mathrm{E}$-mail:takahasi@math titech.ac.jp
$\Omega\subset \mathrm{R}^{2}$ , $z=(x, y)\in\Omega$
$(HD)_{\gamma}$ :
$\Delta u$ $=$ $2Hu_{x}\wedge u_{y}$ in $\Omega$ , (1)
$u|_{\partial\Omega}$ $=$ $\gamma$ , (2)
$H>0$ $\gamma\in C^{2,\alpha}(\partial\Omega;\mathrm{R}^{3})$
$u\in H^{1}(\Omega;\mathrm{R}^{3})$ $”\wedge$ ” $\mathrm{R}^{3}$
$u_{x},$ $u_{y}$ (1y $H$
$\mathrm{H}$-system ([BC1] [BC2]) Dirichlet
(1) t
$(HD)_{\gamma}$ $H_{\gamma}^{1}(\Omega;\mathrm{R}^{3})$
$E_{H}(u):= \frac{1}{2}\int_{\Omega}|\nabla u|^{2}+\frac{2H}{3}Q(u)$ , $u\in H_{\gamma}^{1}(\Omega;\mathrm{R}^{3})$
$Q(u):= \int_{\Omega}u\cdot u_{x}\wedge u_{y}$ , $u\in H_{\gamma}^{1}(\Omega;\mathrm{R}^{3})$
oriented volume functional
$(HD)_{\gamma}$
1. Small solution (Hildebrandt). $H||\gamma||_{L}\infty\leq 1$
2. Large solution (Brezis-Coron, Struwe). $\gamma\not\equiv$ $H||\gamma||_{L}\infty<1$
$\gamma\not\equiv$ $(HD)_{\gamma}$
([IT] Theorem 15) $h_{\gamma}$ $\gamma$ $h_{\gamma}$ $\mathrm{r}\mathrm{m}\mathrm{k}\nabla h_{\gamma}(z)=2,\forall z\in\ovalbox{\tt\small REJECT}$
, $H_{1}>0$ $0<H<H_{1}$
$(HD)_{\gamma}$ cat(\Omega )+l
$|\nabla h_{\gamma}(z)|^{2}-2|(h_{\gamma})_{x}(z)\wedge(h_{\gamma})_{y}(z)|>0,\forall z\in\overline{\Omega}$ , $H$










$\gamma\equiv 0,$ $H=1$ $(HD)_{\gamma}$ (HD)
$\triangle u$ $=$ $2u_{x}\wedge u_{y}$ in $\Omega$ , (3)
$u|_{\partial\Omega}$ $=$ 0. (4)
$u\equiv 0$ (HD)
Hildebrandt Small solution (
(HD) 1975 H.Wente [W]
$\bullet$
$\Omega$ ( $\Omega=$ )
(HD) $u\overline{=}0$
$\bullet$





$-\triangle u=u^{N}\overline{N}-A_{\frac{2}{2}}$ in $\Omega\subset \mathrm{R}^{N}(N\geq 3)$ ,








(3) $xu_{x}+yu_{y}\in \mathrm{R}^{3}$ $u_{x},$ $u_{y}$ $u_{x}\wedge u_{y}$
$\int_{\Omega}\triangle u\cdot(xu_{x}+yu_{y})dxdy--0$
$\int_{\partial\Omega}\frac{1}{2}|\nabla u\}^{2}.(z\cdot n)ds_{z}=0$.
$n$ $z\in\partial\Omega$ $z\cdot n=|z|^{2}=1$
$\Omega$ $|\nabla u|=0$ (4)
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(HD) $\text{ _{}\backslash }$ ( $[\mathrm{L}\mathrm{M}],\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}3.2.$ ) $u\equiv 0$
(SD) ( )
(Bahri-Coron, Passaeeo \emptyset --
) (HD)
$\bullet$
$\Omega\subset \mathrm{R}^{2}$ $K+1$ (K\geq y (HD)
$K$
[T]
$K+1$ $\Omega\subset \mathrm{R}^{2}$ (HD)
$K$
Definition.(condition $(A_{R_{1},R_{2},\cdots,R_{K}}^{z_{1,}z_{2}\cdots,z_{K}})$ ) For $z_{1},$ $z_{2},$ $\cdots,$ $z_{K}\in \mathrm{R}^{2}$ and positive num-
bers $R_{1},$ $R_{2},$ $\cdots,$ $R_{K}$ $(R$. $>1,\forall i)$ , we say that a domain $\Omega\subset \mathrm{R}^{2}$ satisfies the condi-
tion $(A_{R_{1},R_{2},\cdot,R_{K}}^{z_{1},z_{2\prime}z_{K}}’\ldots..)$ if the following holds :
(1) $B_{R}(:z:):=\{z\in \mathrm{R}^{2} : |z-z.\cdot|<R.\}$ are disjoint discs,
(2) $A_{R^{-1},R}.\cdot.(z_{i}):=\{z\in \mathrm{R}^{2} : R^{-1}\dot{.}<|z-z.\cdot|<R.\}\subset\Omega(\forall i=1,2, \cdots, K)$ ,
(3) $B_{(2R)^{-1}}.(z_{i}):=\{z\in \mathrm{R}^{2} : |z-z:|<(2R.)^{-1}\}\subset\Omega^{\mathrm{c}}(\forall i=1,2, \cdots, K)$ .
Theorem. For every $K\in \mathrm{N}$ , there $e\dot{m}ts$ a bounded smooth dorreain $\Omega\subset \mathrm{R}^{2}$ sat-
isfying the condition $(A_{R_{1},R_{2},\cdots,R_{K}}^{z_{1,}z_{2},\cdots,z_{K}})$ for some points $z_{1},$ $z_{2},$ $\cdots,$ $z_{K}\in \mathrm{R}^{2}$ and constants





Coron [Co] Morse [Co]
Sobolev (SD)
$S(u)$ $:=$ $\frac{\int_{\Omega}|\nabla u|^{2}}{|Q(u)|^{2/3}}$ , for $Q(u)\neq 0$ ,
$M$ $:=$ $\{u\in H_{0}^{1}(\Omega;\mathrm{R}^{3}) : Q(u)=1\}$ ,
$M^{\lambda}$
$:=$ $\{u\in M : S(u)<\lambda\}$ ,
$\overline{S}:=\inf_{u\in M}S(u)=(32\pi)^{1/3}$ .
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(HD) $M$ $S$ critical point
Morse Hilbert $M$ $C^{2}$
$S$ $\{u\in M : \alpha<S(u)<\beta\}$ Palais-Smale
sub-level set $M^{\alpha}$ $M^{\beta}$
$\vee\tau$–
$\Omega$
$S$ Palais-Smale 2 sub-level sets
$M^{\alpha},$
$M^{\beta}$ topological difference $M$ path
$S$
1. Palais-Smale (local compactness level )
2. $\overline{S}$
3. 2 level set explicit path
Step 1. Brezis-Coron 1 Global Compactness Lemma([BC2])
Lemma. Let $\Omega\subset \mathrm{R}^{2}$ be a bounded smooth domain. Then we have:
(a) every sequence $(u^{n})\subset H_{0}^{1}(\Omega;\mathrm{R}^{3})$ such that
$\{$
$\lim_{narrow\infty}E_{H}(u^{n})=\beta\in(_{\overline{3}H}^{4\pi}=, \frac{8\pi}{3H^{2}})$,
$E_{H}’(u^{n})arrow 0$ $H^{-1}$ strongly,
is relatively compact in $H_{0}^{1}(\Omega;\mathrm{R}^{3})j$ that is, $E_{H}$ satisfies the (PS)\beta condition for
$\beta\in(_{H}^{\pi}\frac{4}{3}\pi, \frac{8\pi}{3H^{2}})$ .
(b) every sequence $(\overline{u}^{n})\subset M=\{u\in H_{0}^{1}(\Omega;\mathrm{R}^{3});Q(u)=1\}$ such that
$\{$
$\lim_{narrow\infty}S(\mathrm{r})=\overline{\beta}\in(\overline{S}, 2^{1/3}\overline{S})$ ,
$S’(\overline{u}^{n})arrow 0$ $H^{-1}$ strongly,
is relatively compactn $H_{0}^{1}(\Omega;\mathrm{R}^{3})j$ that is, $S$ satisfies the $(PS)_{\overline{\beta}}$ condition on
$M$ for $\overline{\beta}\in(\overline{S}, 2^{1/3}\overline{S})$ .
Step 2. key
Lemma. Let $\{u^{n}\}\subset M$ be $a$ sequence such that
$S(u^{n})=\overline{S}+o(1)$ as $narrow\infty$ .
Then there exists a subsequence (still denoted by $u^{n}$) and $z=(x, y)\in\overline{\Omega}$ such that
$|\nabla u^{n}|^{2}*arrow\overline{S}\delta_{z}$ in $\mathcal{M}(\overline{\Omega})$
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in the sense of Radon measures of $\overline{\Omega}$ .
$F$ : $H_{0}^{1}(\Omega;\mathrm{R}^{3})\backslash \{0\}arrow \mathrm{R}^{2}$ , $F(u)= \frac{\int_{\Omega}z|\nabla u|^{2}dz}{\int_{\Omega}|\nabla u|^{2}dz}$ , $z=(x, y)$





Let $\Omega\subset \mathrm{R}^{2}$ be $a$ bounded smooth domain. Consider $a$ sequence $\{v^{n}\}\subset H_{0}^{1}(\Omega;\mathrm{R}^{3})\subset$
$H_{0}^{1}(\mathrm{R}^{2}; \mathrm{R}^{3})$ (extended by 0outside $\Omega$) with
$\sup_{n\in \mathrm{N}}\int_{\mathrm{R}}^{2}|\nabla v^{n}|^{2}<\infty$ ,
$v^{n}arrow v^{0}$ weakly in $H_{0}^{1}(\Omega, \mathrm{R}^{3})$ ,
$|\nabla v^{n}|^{2}*arrow\mu$ in $\mathcal{M}(\overline{\Omega})$ ,
$T^{n}arrow T$ in $\sigma(\mathrm{R}^{2})$
as $narrow\infty$ , where $T^{n}\in D’(\mathrm{R}^{2})$ is a compactly supported distribution, defined by
$T^{n}( \varphi):=\int_{\mathrm{R}}^{2}(\varphi v^{n})\cdot v_{x}^{n}\wedge v_{y}^{n}dxdy$ for $\forall\varphi\in D(\mathrm{R}^{2})$ .
Then $\mu$ is $a$ finite nonnegative Radon measure with $\mu(\overline{\Omega})<\infty$ and $T$ is a compactly
supported distibution with $supp(T)\subset\overline{\Omega}$ and the follourings hold:
(part 1) (forms of the limit measure and the limit distribution)
There exist $\exists J\in \mathrm{N}\cup\{\infty\}$ , nonnegative numbers $\{\mu j\}_{j=1}^{J},$ real numbers $\{\nu j\}_{j=1}^{J}$
and points $\{z_{j}\}_{j=1}^{J}\subset\overline{\Omega}$ such that:
1.
$\mu=|\nabla v^{0}|^{2}dxdy+\sum_{j=1}^{J}\mu_{j}\delta_{z_{\mathrm{j}}}+\tilde{\mu}$ ,
where $\tilde{\mu}\in \mathcal{M}(\overline{\Omega})$ is a nonnegahve, nonatomic measure.
2.
$T=T_{0}+ \sum_{j=1}^{J}\nu_{j}\delta_{z_{\mathrm{j}}}$ in $D’(\mathrm{R}^{2})$ ,
where $T_{0}$ is a distribution defined by
$T_{0}( \varphi):=\int_{\mathrm{R}}^{2}(\varphi v^{0})\cdot v_{x}^{0}\wedge v_{y}^{0}dxdy$ for $\forall\varphi\in D(\mathrm{R}^{2})$ .
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3. (the isoperimetric inequality for atoms)
$|\nu_{j}|\leq(_{\overline{\overline{S}}}^{1})^{3/2}\mu_{j}^{3/2}$ , $\forall j\in\{1, \cdots, J\}$ .
4. (the isoperimetric inequality for total mass)
$|T(1)|\leq(_{\overline{\overline{S}}}^{1})^{3/2}\mu(\overline{\Omega})^{3/2}$ .
(part 2) (concentration-compactness altemative)
If $\mu(\overline{\Omega})=\overline{S}=(32\pi)^{1/3}$ and $|T(1)|=1$ , then one and only one of the follorning
statements holds true.
(a) (concentration) there exists $z0\in\overline{\Omega}$ such that $\mu=\overline{S}\delta_{z_{0}}$ and $T=\delta_{z_{0}}$ .
(b) (compactness) $v^{n}arrow v^{0}$ strongly in $H_{0}^{1}(\Omega, \mathrm{R}^{3}).$ In this case, $\mu=|\nabla v^{0}|^{2}dxdy$
and $T=T_{0}$ .
Step 3. 2 sub-level sets path
$u_{t}^{\sigma,\tilde{z}}(z):= \frac{2(1-t)}{(1-t)^{2}+|z-\tilde{z}-t\sigma|^{2}}(\begin{array}{ll}x-\tilde{x} -tx_{\mathrm{O}}y-\tilde{y} -ty_{0}t-1 \end{array})$
where $z=(x, y),\tilde{z}=(\tilde{x},\tilde{y})\in \mathrm{R}^{2},$ $t\in[0,1),$ $\sigma=(x_{0}, y_{0})\in\{|z|=1\}$ cut off
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$H$ : $\mathrm{R}^{3}arrow \mathrm{R}$ (variable mean curvature fiuzction)
$\Delta u=2H(u)u_{x}\wedge u_{y}$ in $\sigma(\Omega;\mathrm{R}^{3})$
stribution solution $u\in H^{1}(\Omega;\mathrm{R}^{3})$ $C^{\infty}$
$\bullet$ $H\equiv$ (Wente)
$\bullet$ $||H||_{L} \infty+\sup_{y\in \mathrm{R}^{3}}(1+|y|)|\nabla H(y)|<\infty$ (Heinz)
$\bullet$ $||H||_{L}\infty+||\nabla H||_{L}\infty<\infty$ (Bethuel)
$\bullet$ $H$ $H(y^{1}, y^{2}, y^{3})=H(y^{1},y^{2})$ for any $(y^{1},y^{2}, y^{3})\in \mathrm{R}^{3}$ (Bethuel-
Ghidaglia)
$H\in L^{\infty}(\mathrm{R}^{3};\mathrm{R})$ $u$ ?
2(multiplicity)
$(HD)_{\gamma}$
$\Delta u=$ $2Hu_{x}\wedge u_{y}$ in $\mathrm{B}^{2}$ ,
$u|_{\partial \mathrm{B}^{2}}$ $=\gamma$
$H$ $\mathrm{B}^{2}=2$ $\gamma\in C^{2,\alpha}(\partial \mathrm{B}^{2};\mathrm{R}^{3})$ $|H|||\gamma||_{L}\infty<$
$1$
1. generic $\gamma$ $(HD)_{\gamma}$ bound ?
card{u $\in H_{\gamma}^{1}(\partial \mathrm{B}^{2},$ $\mathrm{R}^{3})$ : solution of (HD),} $=\infty$ $\gamma$
?




$\overline{S}|Q(u)|^{\frac{2}{3}}\leq\int_{\Omega}|\nabla u|^{2}$ $\forall u\in H_{0}^{1}(\Omega;\mathrm{R}^{3})$
$H_{0}^{1}(\Omega;\mathrm{R}^{3})$ $\overline{S}:=(32\pi)^{1/3}$
$\overline{S}$ $\Omega\neq \mathrm{R}^{2}$ attain $\mathrm{R}^{2}$ extremal functions
(Brezis-Coron)
$\varphi^{\epsilon}(x, y)=\frac{2\epsilon}{\epsilon^{2}+x^{2}+y^{2}}(\begin{array}{l}xy\epsilon\end{array})$ , $\epsilon>0$
extremal functions 1 [
$\int_{\Omega}|\nabla u|^{2}-\overline{S}|Q(u)|^{\frac{2}{3}}$
“extremal functions $u$ ” bound ?
4(higher-dimensional $\mathrm{H}$-systems) $H$ $\Omega\subset \mathrm{R}^{N}$
$\mathrm{d}\mathrm{i}\mathrm{v}(|\nabla u|^{N-2}\nabla u)=Hu_{x_{1}}\wedge\cdots\wedge u_{x_{N}}$
$N$ $\mathrm{H}$-system (Mou-Yang) $u\in W^{1,N}(\Omega;\mathrm{R}^{N+1})$
$u_{x_{1}}\wedge\cdots u_{x_{N}}$
$v\cdot u_{x_{1}}\wedge\cdots\wedge u_{x_{N}}=\det[v,u_{x_{1}}, \cdots, u_{x_{N}}]$ $\forall v\in \mathrm{R}^{N+1}$
$\vee\tau$– $\mathrm{R}^{N+1}$
$\Omega$ $N$ ball
$\mathrm{d}\mathrm{i}\mathrm{v}(|\nabla u|^{N-2}\nabla u)$ $=$ $Hu_{x_{1}}\wedge\cdots u_{x_{N}}$ in $\Omega$ ,
$u|_{\partial\Omega}$ $=$ $0$
$u\in W_{0}^{1,N}(\Omega;\mathrm{R}^{N+1})$ $u\equiv 0$ ( ?
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